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Dynamic maneuvers consisting of periodic rudder and aileron con- 
trol deflections are considered with, respect to the maximum sideslip 
angles developed and the position of the rudder at the time of maxi— 
nnjm sideslip. The most logical and simplest maneuver of such a type 
is shown to he that in which the rudder is oscillating with the 
aileron locked. Such a maneuver is ccmpared to two other dynamic 
maneuvers, the rudder kick and the rolling pull-out. The comparison 
shows that for certain conf iguraticms one and one-half cycles of 
rudder motion are sufficient to produce tall loads of the same order 
of magiitude as those obtained in a rolling pull-out maneuver; and 
that for all configurations one cycle of rudder motion is sufficient 
to produce more sideslip than that obtained from the rudder kick. 

A method is also given for computing the maximum sideslip 
angles when the forces and moments are nonlinear fmctions of the 
sideslip. 


INTRODUCTION 

Tie maneuvers analyzed in this report were those of an airplane 
in a side-slipping oscillation produced by certain combinations of 
periodic rudder and aileron control movements. Two principal types 
of these maneuvers were considered: one in which the airplane had 

reached a steady— state oscillation called the fishtailing maneuver; 
and the other in which the airplane was in the transient state 
preceding the steady— state oscillations. 

Since the purpose of the report was to discover the maximum 
tail loads which would occxir in the steady— state fishtailing and 
transient maneuvers, all principal types of control variaticais and 
combinations were considered. Tiis was done by giving the rudder 
a periodic oscillation and superimposing the effects of the aileron 
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oscillations. In this manner three hasic maneuvers were defined: 
maneuver A in which the ailerons were loclced; maneuver B in which 
the ailerons were applied so as to hold the wings level; and 
maneuver C in which the ailerons were applied so as to reduce the 
roll. In order to assess the value of such maneuvers as criteria 
for critical tail loading, the maximum sideslip angles obtained 
from them were compared wllii the maximum sideslip angles obtained 
from two other dynamic maneuvers, the rudder kick and the rolling 
pxQl— out. 

Ihe analysis was carried out by means of the well-^own 
lateral-stability equations (reference 1 ) in which for convenience 
the rudder and aileron motions were assumed to be sinusoidal functions 
of time. Numerical computations were made using a large number of 
derivatives representative of conventional alJTJiane desi^gn to verify 
the general theory developed. 

3 he results of the computations showed that, when in a state of 
resonance with the rudder, the motion of the airplane covlI I be obtained 
with satisfactory accuracy from the solution of a much simpler equiva- 
lent differential equation of second degree. By means of this 
modification the analysis was extended to Include the effects of 
nonlinear variatlcais of the forces and moments with the angle of 
sideslip. 


CCSESFFICIENaS AND SYMBOIS 

Ihe coefficients and symbols defined herein are referred to the 
so-called "stability axes," the origin of vrtxlch is fixed-at Idle center 
of gravity. At the beglnnfng of the motion the Z-axis is in the plane 
of symmetry and pei^wndicular to Idle relative air stream, the X-exls 
is in the plane of symmetry and parallel to the relative air stream, 
and the Y— axis is perpendicular to the Z— and X-axes; and thenceforth 
throughout the moticoi of the airplane the axes remain fixed with 
respect to the airplane. 

/ b wing span, feet 

/ S wing area, square feet 

/ m mass of airplane, slugs 

'^l distance frcm center of gravity to rudder hinge line, feet 

g acceleratiwi due to gravity, feet per second squai:«d 
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radius of gyration atout I-axls, feet 
radius of gyration about Z-axls^ feet 
dimensionless radius of gyration about I-axls 

dimensionless radius of gyration about Z-exls 


[(?)1 

[(¥)■] 


air density^ slugs per cubic foot 

Telocity of airplane along fli^t path, feet per second 

free-«tream dynamic pressure (■^pV®), pounds per square foot 

angle of sideslip, radians 

angle of sideslip, degrees 

rate of roll, radians per second 

rate of roll vlth respect to aerodynamic time 

rate of yav, radians per second 

rate of yav vlth respect to aerodynamic time 

component of fll^t relooity along Y-azis, feet per second 

angle of bank, radians ' ^ 

lateml-force coefficient f ^ 

\ as / 

rolling-Hnomsnt coefficient ( moment about X-ails ^ 

\ asb y 


increment In applied rolling-moment coefficient 

/ moment about Z-eucis 


n 


yawlngHDaoment coefficient 


V 


<lSb 


) 




Increment in applied yawing-moment coefficient 
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t 

^ T 



Cn6a 


Cn6r 

Czg^ 

A 

Ax 

,^B 

Bi 

l/CYp 


®np 


time, seconds 

aerodynamic time [t(pVS/m) 3 
relative density coefficient (m/pSb) 

rudder angle (positive irtien trailing edge to the rl^t), 
degrees 

aileron angle, degrees 

5a2 wlftT^^Tntm values of components of aileron motion 

rate of change of yaving-moB»nt coefficient with aileron 
deflection degree 

rate of change of yavlng-moment coefficient with rudder 


deflection 




per degree 


\b&r‘ 

rate of change of rolling-moment coefficient vith aileron 
angle jpOT uegree 


part of root of stahlllty qdartlc, damping factor 
dan^>lng factor, maneuver B 

part of root of stahlllty quartic, frequency factor 
frequency facior, maneuver B 
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2 a coefficients of Pi, Pa» sni $3 In nonlinear expression 
* ' for Cy 

Mx, 2 ,a coefficients of pi. Pa, and P 3 in nonlinear e3g>resslon 
for Cn 



Q ratio of TnflYiTTtuTii rolling velocity developed in maneuver 

C to that developed in maneuver A 

frequency of sideslip oscillation in nonlinear 
solution 


a 
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(D firequency of rudder oscillation^ 2 n times cycles per 

vinlt aerodynamic time 

N number of half cycles 

Ex, Eg ccm^jonents of sideslip produced by sinusoidal rolling 
moment 


Subscripts 

Y - V j>eK'ov\> 

o majclmum valiie of airtplitude 

E maximum value of ar^litude at resonance 

u refers to solution for unit control deflection 

1 ^ \ refers to motion produced by rolling moment only 

n refers to motion produced by yawing moment only 

all yaw refers to yawing moment due to aileron deflection 

-- EK refers to rudder Iclck 

EP refers to rolling ptuLl—out 

K refers to number of half— cycle s 

^ A refers to maneuver A, ailerons locked 

✓ B refers to maneuver B, ailerons applied to maintain 

zero rolling velocity 

■^C refers to maneuver C, ailerons applied to reduce 

rolling velocity 


FISETAILIIJG MAHBUVEE 
Analysis 

For w-1-1 maneuvers considered the analysis was initiated by 
solving the well-known lateral stability equations 
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dT 



r — + 24P 

I41 



+ ^l 


S|£ 


A 

dr 

dT 



A 


+ 2jip 




1 +^nr 

±0 


(1) 


g = -^0 l 9 - ^ + PjCyp 


for the Initial conditions p>r>^B<psOatTsO. 

Since the eq,uatlons are linear ^ their eolutlcms are obtained by 
standard methods from the tise of operators. (See, e.g., reference 2 .) 

Maneuver A; Allero na locked .- The particular solution for 
the rate of change, of sideslip produced by holding the aileron 
fixed * 0 and suddenly deflecting the rudder -by an amount 

can be written 


Cie Ca8^^\+ (Ca cos Bt + C4 sin BT)e'^^ 

( 2 ) 


whe3To the constants Xi, Xg# A, B, Ci, Ce, Q3, and G* depend upon 
tihe stability derivatives of equation (l). These constants are 
presented In table H for each of the 27 different combinations of 
derivatives listed in table I. The maximum value of sideslip in 
an alleron-loched rudder-oscillating maneuver can be determined by 
the use of these derivatives In conjunction with equation (2). 
However, the coanpleiity of the results obtained from the use of 
equation (2) led to a search for some slaiplifylng assumptions 
which would still give reasonable accuracy. Such a sluplified 


\dT/u ^2 8rCng^»»/ 
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solatl<m would be especially desirable for use In the study of 
nonlinear aerodynamic characteristics and In the study of maneu— 
rers In which the aileron was applied* It would also prowlde a 
simple closed fozmila for the waxlaium sideslip which would be 
useful in Interpolating for derlYatires not listed in the table. 
An Inspection of table H Immediately suggests that the terms 
containing Cs, and Ca be neglected In coaaQiarlson with the 
term C^. A column of l/B is given In table III and a com- 
parison of this (Quantity with C4 also suggests that the 
equation •* — l/B will hold. Finally then equatlcn ( 2 ) Is 
reduced to 



ioB 


AT 


Sin BT 


( 3 ) 


The check on the accuracy of results derived by the use of equation 
(3) rather than equation (2) was provided by solving for the maxi- 
mum steady-state sideslip using both equations and compering the 
results. This comparlsan which will be presented later showed that 
the use of equation (3) was Justified for practical results. 

Equation (3) gives the rate of chaiige of sideslip for a 
so-called "uMt” deflection of the rudder. This is very useful, 
since from it the sideslip from any rudder deflection ^(t) can 
be built up by suitable superposition (reference 2 ). Thus 




where i Is a dummy variable of Integration. 

The discussion in this report will be limited to oscillations 
produced by a sinusoidal control— surface variation given by the 
equation bj. (t) ■ 8rp sin ayr. The choice of such a control variar- 
tlon was brou^t about obviously by convenience. If, however, some 
other periodic control motion Is chosen, the lesulting airplane 
motion brought about by Its application can be found by a suitable 
superposition of the sinusoidal results. The type of superposition 
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Is glTen 1)7 expending the new ftmction in terms of a Fourier series. 
Fiurther^ the expeinsion can always he made in a series containing 
only sine terns if the function is periodic and zero at tine zero. 

For the limiting case in which the control motion is chosen to 
he the so-called "8(iuare wave" the expansion is well known as 

00 

Sr “ »ro J Y ^ 

n = 1 

It ceoi he shown that the contribution to the TOTlmuiii sideslip of 
the third harmonic is at most less than one— tenth of the oontri— 
hution of the first hazmonic, so that in the summation the 
c^trihution of the third hannonlc is one— thirtieth of that of the 
first haimonic. Thus the only impoirfcant effect of using a square 
wave as given hy equation (5) rather than a pure sine wave of the 
same freq.uency is to increase the mayirnmn amj^itude of the sideslip 
computed for the sinusoidal control hy the factor 4/x. This results 
in an increase of about 2? percent in •HWTimun sideslip for the sg.uare 
wave over the sine wave. 

Use of the square wave would, of course, he unduly conservative, 
since it represents an xmattainahle upper limit. The choice of any 
o-Qier periodic function is purely a matter of Judgment. It is 
believed, however, that the sine wave is not unconservative hut 
rather a fair average of what the pilot is likely to apply. 

To obtain the TiwriminB sideslip from a sinusoldELl rudder control, 
then, such that 


8r( t) » 6tq sin wt 


equation (4) reduces to 



sin Bx sin co(t— x)dx 


3a 


( 6 ) 
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The solution to equation (6) Is 


P 


IqB 


Coi cos Bt + (Gfe + Gg) Bln BtJ 



— Gi cos floT — (Go — Qa) sin <a T 


} 


( 7 ) 


vhere 


Gi « 


A A 

A^ + (omB)^ a® + (eo-B)^ 




Ga 


g> + B 

A® + (ohB)® 



Gs 


CO -- B 

A^ + (od-B)® 




The steady-state solution of eqmtloa (t) can he put In the form 
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vhero 



Eguatloa (10) Is mcKre iiaeful^ howaTer^ vbezx it is used to express 
the ratio of the rudder angle idien tiie alrplaxte Is at its waTiwiTm 
sideslip angle to the anxlrntm rudder angle. Ihis ei^resslon is 



Equatlona (9) and (11) are the complete solution for the alleiron- 
looked maneurer for any ratio of the applied rudder freq,uency to the 
natural frequency of the airplane <a/B and for any ratio of natural 
damping to natural airplane frequency A/B. Principal interest, of 
course, is centered on the special case of these solutions when the 
rudder motion and the airplane motion are in resonance. ^Is 
resonant Talus can he determined hy finding the naxjinum yalue of B 
in equation (9). 


This max1rm.nn Occxtrs vhen 



and for such a rdue 


equations ( 9 ) and (11) reduce, respectirely. 


to 



12 


MCA IN No. 1504 


Par - 


ABlo 


eoid 

__A 
&ro ~ B 


( 12 ) 


(13) 


ifaiieuTwy B: Allercaifl apialled to hold vlnge level.- An analysis 

of tills maneuver vas coDBldered to some extent In reference 3 , tut 
no consideration vas given to the effects of aileron yawing moment 
or to the effects of dihedral. These effects are of varying impor- 
tance, depending on the magnitude of the dihedral and directional 
stahility. The procedure used In this section was to develop the 
eq.uatlons for sideslip and zoidder position, first considering the 
effect of dihedral and neglecting that of the aileron yawing moment. 
The develojnent vas next extended to Include the effect of the 
aileron yawing moment. 

Effect of dihedral .— Since the rate of roll and angle of hank 
are being held constant at zero, eq.ua tion (1) reduces to 


0 


r 


Clj. 

^a 


+ 2^i^ 



+ Nil 





A 




+ 2 mP 



+ ^n 


in. 


> ilh) 


dT 


- r + I pOYp 
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In order 
STnall as 
equation 


to simplify the analysis the teim t which is 

« la . 

C 2 d 

compared with a— B- was neglected and line 1 of 

■‘•Sl 

(l4) was written 


^a “ ~ pClp 


(15) 


Later« some cosi^utations were made Including the term so 

that seme Idea of the magnitude of its effect cotild he chained. 
Ihese results are presented in the section headed Discussion. 

Ihe remaining tezms of equation (l4) can he rearranged to 
form a second— order differential equation In 3, thus. 


S - (1= - i * (i ^ 

* ate „ = 0 ( 16 ) 

lo 


where the yawing moment due to sinusoidal rudder displacement 
8 to Cn 5 p sin ut has heen> substituted for /5Cn. Equation (l6) 

can he solved hy ordinary methods to yield a resonant solution 




Ai Bi io 


sln/ra/BxS- Ai2 + tan-^ ^ 

Ai 


(17) 
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expressloais corresponding to equations (12) and. (13) for this 
case are 


8ro Cnsyt* 

" AiBi lo 


( 18 ) 


and 


(8r)^.pBg 


6 


To 




(19) 


where 
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Effect of aileron yavlng moment .— Equation. (l8) gives the 
Tt«.x1wum resonant sideslip developed with ailerons applied, 
so as to hold wings levelj provided the ailerons produce 
no yawing sioment. The effect of aileron yawing moment can 
he estimated closely enougpi hy considering eq.uatlon (l^) 
with (l6) and using a solution to e4.uatlon (l6) which Is 
not q.ulte the resonant solution given hy equation (17) » 1>ut 
rather the simpler solution 


» 


cos T 

AiBi Ic 


( 2 £) 


lAero ^Oyp 


Cnp 


Is neglected idien added to 




so 


that Bx Is again given hy equation (21). A comparison of 
equatlcn (22) with equation (l?) shows that the difference 
between the two equations Is manifest In a sli^t phase shift 

of magnitude + tan"^ »/ ^ i— , At a time 

\2 Ai / Bx 


when the valtie of the sideslip given hy equation (17) Is a 
maximum^ this phase shift causes 1he value given hy equation 
(22) to he less hy a factor 
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Using the Tolues of the derlTatlres from table I In the pre- 
ceding expression shews the correction brou^t about by its 
use is sjoall enou^ to be neglected in estimating the effects 
of the aileron yawing moment. Accordingly, the simpler 
expression for sideslip given by eq[uation (22) will be used in 
the remainder of this section. Let the aileron control move- 
ment be given by 


Ba “ 5ax Bit + BaaCos Bi t 


(23) 


so that the corresponding moment egLuations will be 


£Ci » 8ai sin Bit+ B^g cos BiT 


- kBai 0%^ sin BiT+ IcBaa cos BxT 


(2k) 


where k is the aileron yaw factor 


(25) 


Adding to eq.uation (24) the effect of the rudder gives 
for dCn 


^ ■ (Sto CnSr + ^®&x ®lBa^ ®^&a 





HACA Trr BTo, 150^1- 


17 


Substituting for &ro ^nSj. equaticsn (l6) the 

disturbance indicated by eg.ua ti on ( 26 ) the expression 
corresponding to eq.ua tion (22) becomes: 


3b 


AiBiic 



- kbaa C 2 s^ sin Bit 




(27) 


Placing this in equation (15) yields the two equaticaas 

CZp fx 


q^ese can be solved for and Baa* Using equations 

( 27 ) and (l8) the ratio of 

sideslip developed with aileron yav considered, to 
the TiMTitm^im sideslip developed neglecting ailercaa yaw is 


(PBr) yaw 
PBr 



_1 

AiBiic ) 


(28) 
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Maneuver C; Ailerons applied so as to reduce the roll ,— Ihe 
isagnl^u^ oi the sldeeilp develc^d In this nazieuver depends upon the 
amount the roll is reduced hy the ailer^s and the phase difference 
between the aileron and rudder movements. Certainly the most critical 
phase relationship should he considered, since for such short time 
intervals the pilot would not he expected to hold any fixed phase 
relationship between the ailerons and the rudder. However, the amount 
the roll is reduced is a somewhat arbitrary matter and consequently 
the factor Q, the ratio of the maximum rolling velocity developed In 
this maneuver to Ihat developed In an aileron-locked maneuver, will 
be a parameter in the solutions. 

The analysis will be restricted to the case in idilch the aileron 
and rudder control movements have the same period. In the study of 
maneuver B this was not an assumption but a necessary condition for 
wM^ritwTniTtg wlngs level. In addition the aasunrptlons will be mad e as 
before that 0^2* neglected, and again the solution to equation 

(1) for the sinusoidal rudder deflecticn corresponding to equation (22), 
wdll be used In which the sideslip is out of phase with the yawing 
moment at resonance. 

Again consider that the aileron control motion and the corre- 
sponding mcmients be given by eq.uatlons (23} and (24). The steady- 
state solution of equation (1) for the sideslip caused by the 
rolling moment of equation (24) is given by the equation 


Pz ■ I (OaiHia “ ®ae®i) (Cai^x + OaeHs) cos Bt 

A ^ 

(29) 


where the values of Hx and Ha were detenalned by a complete 
numerical solution of equation (l) In which nothing was neglected. 
These values are presented in table III for each of the 2 ^ config- 
urations of table I. The rolling velocity caused by the rolling 
moment is determined by using equations (24) and (29) in equation 
(1) and neglecting thus: 
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( 


B6a2*“^p8ai*x 2^1^ 


Ip* + B* 


J 


sin Bt 


^B5^^*+Ip8aa*x 2|iCi5^ 

I i_2 j. -as J 4_ 




(30) 


vhere 

■ 

®ae* ■ 8jag + Ip Bs&as ■*■ SiOaj^ j 

> 

8ax* “ ®fcx + ^P HaPax “ ^P ®i®aa 


(31) 


If the radder dletuxtumce Is 
8r - Pro B t 


(32) 


BO that the total javixig aoment is glren again hy eq.uatlon ( 26 ) , then 
the sideslip and rolling Teloci-ty will T»e, respectlTely, 




( 33 ) 


and 
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kip 

-B3Ab13 - ab ic + *p®aa ) *| 


Ij^ + B2 


J sin B T 


k^^C^Q^^l 


r ^P^Ah^P + "abTiT — (^pBai -BBaa) -i 

2 00s B T (oil.) 

L Zp2 + B^ J ^ 


Eq.iiatlons (30) and (34) can ncjw bo added to giro the total rolling 
▼oloclty for the applied control aoveaent given by equations (23) eind 
(32). The restrlotlon applied to the maneuver Is that the marinintn 
value of this total rolling velocity should be Q tlises the maximum 
value of the rolling velocity for the same rudder movement but with the 
ailerons fixed. This condition leads to the eq.uatlon 


Hi - ) 

^Ah (X+Hslp)= . ( Hxlp - 




^ag ClBa 
% 


Czp (1+Ba Ip) 


s 


Cip^- 

(l.Jfelp)A . (E.jp - 


( 35 ) 
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whlcli glTOB the relationship hetween. and 

satisfied for any peurblctilar configuration and choice 

Eg^uatlon ( 3 ^) Is the eq.uatlon of a circle in terms of 

®a-2 

and ' ■ of radliis 

PAh 


which must he 


6ai CZ6g 


PAb 


-CipQ 


1 


Points on this circle represent the different phase relationships 
idilch the aileron may take relatlTe to the rudder always maintaining 

the same ralue of maximum rolling reloclty. As and 

Paa PAe 

■ — more around this circle the amplitude of the sideslip has 
PAb 

hoth a maximum and a minimum. Xf Q is set eq.i2al to one, the circle 
must always pass throu£^ the origin of the coordlzuite system as this 

special point, where 8g^ « - 0, represents the aileron— locked 

maneurer. On the other hand, when Q is set equal to sero the 
circle reduces to a point and this point represents memeuTer B. 

In order to find the point where the maximum resonant amplitude 
of the sideslip is obtained, the sum of eq.xtatlons (29) and 

(33) must he considered. Thus, 
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Cfe)' 




MHz 28 -^ C 


iaPAB 


'aa ®l8a*^ 
ia^As 


(-a)] 


s 


[ 


28aa Cig^uBa 28^j_ C;g^k 


laPAg 


- 1 + 


la^Afi 


( Hi- JLia\-|® (36) 

V sioAB y J 


Zq.uatlana (3^) and (36) are sufficient to fix 
uraticn and Talue of Q. 


PCh 

PAb 


for any config- 


Discussion 

AllerCTM loclced.— Since the eq.uations developed 
frcoa the analysis of maneuver A proved to he the most useful and 
important, they vere most thoroufjtly studied both frcm a mathematical 
and a physical standpoint. Equation ( 12 ) summarlsos the results for 
this maneuver in that it presents the resonant value of side- 

slip. Bie fu nd amental check on this equation vas to compeire the 
maximum sideslip obtained by its use vith the inB.TiTmiw sideslip 
obtained by the use of complete numerical solutions computed using 
all of equation (2), The resiats of this check are presented in 
table IV vhere the ratio of fiAg as determined from the complete 
numerical solutions to the value of Pajj as determined from equatlcor 
(12) is tabulated for each of the 27 conflgiuTatlons under the heading 
(PAH)^y^Q/(PAR)j^ppj,Qj^. Uile ratio tias also plotted in figure 1 

against Cq^o with Cjpo, as a parameter. The figure shovs that for 

the entire range of configurations chosen, the error in using equation 
(12) vas nowhere greater than 7 percent and this error occurred for 
the ccBibinatlon of low directional stability and hig^ dihedral and, 
further, was conservative. 
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Data vere obtained In level fli^t In the cruising condition at em 
average Indicated airspeed of 2k^ miles per hour at a pressure 
altitude of 7500 feet. A total of 23 satisfactory runs were made 
with a range of periods traa. 1 . 4^5 to 3.2 seconds. 

Values of the natural damping factor A and the natural fx^uency 
factor B were determined from damped— oscillation flight tests. A 
value of Cns^ was determined from wind-tunnel tests of a powered 

0.17-scale model and was verified hy flight tests. These values 
were used in equation (12) to compute a value of ^AH/8ro of 3.15. 
!I3ie actual ratio of PAh/Btq measured in the oscillating rudder 
flight tests was 3*02. Thus the TnaT-rrmim resonant sideslip predicted 
from eq.uatlon (12) was within 5 percent of that obtained from flight 
tests and, further, was conservative. A further check on the theory 
was obtained by dividing the maxlmaa. value of sideslip angle obtained 
from a given rudder freg.uency by that obtained In resonance and com- 
paring such values obtained from the flight test with those obtained 
by the use of equation (9). This comparison Is shown In figure 5 
for the range of rudder frequencies tested. 33ie figure shows that 
excellent agreement was obtained between the theoretical values And 
those obtained from experiment. Similar agreement was obtained 
between flight tests and theory of the ratio of the rudder angle at 
maximum sideslip ang^e to the maximum rudder angle. (See fig. 6. ) 

Msmeuver B; Ailerons applied to hold wings level .— In order to 
form some basis for the evaluation of maneuver B, equation (I8) which 
was derived neglecting aileron yawing moment will be compared with 
eqtiation (12) whicdi gives the maximum sideslip for maneuver A. The 
ratio of -^e two sideslips Is therefore 


tea ^ AB 
Par “ AiBi 


( 37 ) 


This ratio Is given in table IV for the 27 config\irations of table I, 
but the results can be summarized In figure 7 which Is a plot of the 
equation .( 37 ) for oonflg^uratlons 1 through 6. This figure shows that 
for the valttes of C^po more negative than -0.0002, corresponding to 
values of effective dihedral greater than about 1°^ maneuver A is 
mors critical than maneuver B, and that this is Independent of the 
value of directional stability. 
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An Idea of hov critical the resonant value of sideslip is vlth 
the ratio of the rudder period to the natural period of the airplane 
can he obtained from figures 2 and 3 in vhlch eq.uations (9) and (11) 
are plotted for a value of t idilch laahes eg.uatlon (9) a naxlmim. 

Ihese figures Indicate that alrplcmes vi-l^ relatively lew values of 
A/B are less lllcely to attain the ralMB of predicted hy eq.iiatio(n 

(12) since to do so the period of each znidder oscillation must he 
made relatively much closer to the natural period of the airplane. 

Ihe livelihood of a pilot maintaining the period of a rudder oscil- 
lation Vi thin a given percentage of some fixed period is of course 
controversial. Analysis can only predict the value of sideslip 
obtained from any rudder freq.uency which the pilot ml^t apply, and 
the limits of allowable zudder frequency which ha must hold in order 
to maintain sensibly the resonant value of sideslip given by equation 
(12). In this latter connection, since it is warlnomi tail load 
rather than maximum sideslip idilch forms the basis of this report, 
figure V should be studied in conjunction with figure 3 * To a first 
approximation the irudder an^e can be multiplied by the rudder 
effectiveness factor ®nd added to the sideslip to 

form an effective sideslip angle cn which tail loads can be based. 

Such a procedure indicated that the critical tall load can be higher 
than that obtained at resonance and that the crltlccLl range of 
frequencies can be extended somewhat. Ihese differences, although 
small, can be computed readily for a particular tall— rudder com- 
bination once the resonant value of sideslip is known by the use of 
figures 2 and 3. 

One last Important effect of the aileron-locked maneuver can 
be seen by a study of eq\iatlon (9). !Ihls equation shows that in a 
resonant maneuver at the time of marl mum sideslip the rudder is in 
such a position as to Increase the tall load. Ihe ratio of this 
rudder angle to the maTimum rudder angle is plotted in figure 

Experimental verification of the theoretical results predicted 
for maneuver A was obtained from fli^t tests of a oonventloneLl 
carrier-based airplane conducted by the fll^t 2reseea*oh section at 
Ames. Ihe flight— test data were obtained from an airplane, the 
rudder of which vas connected to a rudder-oscillating mechwlsm 
operated by a direct— current motor and gear box. The pilot was 
furnished with an off-on switch, a ^eostat for speed control, and 
indicating tachometer attached to ‘the motor. The system gave very 
nearly sinusoidal rudder motions over a frequency range of about 
20 to 70 cycles per minute and a rudder aagplltude of about ± 1.2°. 



BACA TBT ]To. 150i|. 


25 


* 

Qie effects of aileron, yav are found ty studying eq,uation (28). 
iSie first Uiing to notice from this eq.uation is that the sign of Ic 
is immaterieG.. That is^ when is neglected^ the effects of 

adverse or favorable yaving rncment are the same. Further, according 
to eg.uation (28) the effects of aileron yaw must always decrease 
the marl mum sideslip angle and such decrease will he more for high 
values of dihedral and less for hi^ values of directional stahlllty. 
These results are summarized in figure 8 idiere eq.uatlon (28) is 
plotted against 0^^ for various values of Ic with values of the 
other necessary parameters as in configuration ^ of table I. Xtls 
configuration was chosen as the worst case in that the ratio given 
by eg.uation (28) would be the lowest. 


^e entire discussion of the effects of the aileron yaw is, of 
course, limited to the approzlmatlon made in e^^uation (1^), that 
r Cjj. 

— — was small enou^ to be neglected. As a check on this, sene 

r Cz, 


ccanputaticns were made in which the term 


was Included and 


the results of part of these computatioiur are also plotted in 
figure 8. Only the results for a k of <-0.06 are shown since they 
deviated most from the results already plotted. The figure shows 
that the maxlTmim error occurs irtxen > o but that this error is 

less than 2 percent. This indicates that the concl\jslons of the 
preceding paragraph are not affected by considering and that 

can be neglected in the study of the effects of aileron yaw. 


[fcnau-rft]? C; Ailerons annlied BO as to reduce the roll .— 

Because of tne complexity of the formulas developed in maneuver C, 
a numerical study was made for only a few cases. IQiese cases were 
chosen to cover a wide enou^ range so that interpolation of the 
conclusions could bo made. Thus the value of ^CE/^AR given by 

equations (35) and(36) was determined and plotted against CnpO 

for various values of Q and k for configurations 1, 3^ eoad. 5 
of table I. The results are presented in figure (9) which gives 
the over-all pictiire of the fish— tailing naneuver. 

Qhese results have been derived by neglecting and are only 

for a high value of Cjpo e<iual to -0.0021. The effects of 

have been discussed in the analysis of maneuver B and the same con- 
clusions are believed to apply to this maneuver. JJo variation of 
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Hi and Hs vith l)etveen « 0 and -0.12 Is given 1}ut the 

general effects of a reduced can he estliaated from figure 7. 
Thus, as the value of C^g approaches zero the ciirves of figure 9 
would approach unity. 


Figure 9 also shows that the effect of aileron yaw is not 
always to decrease the mvInnnB sideslip angle. ISius the curves 
for Q « 0 (maneuver B) show a decrease in mail mum sideslip angle 
due to aileron yaw, while the other curves shew that aileron yaw 
may Increase the maximum sideslip by as much as ^ percent for a 
vcLLue of k s - 0 . 02 ^. (This value of k correspond to the approxi- 
mate evaluation of aileron yawing moment k • _ ) 

8 


Considering the case of zero aileron yawing moment (k « 0 ), 
the curve In figure 9 for Q s l shows that Ihe alleronr-locked 
memeuver does not represent the case of maximum sideslip for the 
amount of roll developed, but that the ailerons can be applied so 
as to neither Increase nor decrease the roll but so as to Increase 
the sideslip by about 12 percent at a valtae of Cjjqo = 0 . 0009 . A 
far more likely and Important case, however. Is that In which the 
pilot reduces the roll to some extent by use of the ailerons. The 
decrease In sideslip accompanying such a reduction In roll Is linearly 
proportional to the reduction In roll. Thus since the curve for 
Q » 0 , k » 0 (maneuver B with zero aileron yaw) represents the mini- 
mum sideslip coincident with zero roll, then If the roll Is reduced 
30 percent (Q sQ>7) from the maxlimjm value obtainable at Q 3 l, the 
sideslip will decrease by 30 percent of the difference be-^een the 
curves for Q » 1 and Q ** 0. 


The figure shows that for hl^ directional stability the side- 
slip developed for a value of Q « 0.7 Is still only a few percent 
below the alleronr>locked VEuLue and that even for Q = 0.^ the 
aileron— locked value Is not ultraconservative. Therefore, since 
maneuver A Is far easier to analyze than maneuver C and since the 
maximum sideslip angles developed in maneuver A are as critical as 
those developed In maneuver C for values of Q less than about 0.7, 
the maximum resonant sideslip developed In an aileron— locked 
maneuver given by equation (12) appears to be the most useftil as a 
criterion for critical tall loads. Therefore only maneuver A Is 
used in the coanparlson made with transient and other dynamic 
3 saneuvers in the remainder of the report. 
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sraissieiit mahsuvebs 

The llmitatlcfn. li]]3;)Osed liy tisizig only the steady— state results 
Is serious and requires conslderahle discussion. In fact, the 
transient state vhlch precedes the steady— state oscillation Is of 
even greater practical liqportance hecause It represents a class of 
nansurers far more common than the flshtalllng maneurer. Xhls class 
Is any In whlqji the rudder Is used periodically hut only for a few 
oscillations, the most common, of course, helng one oscillation. 
Further, these manetnrers are performed hy airplanes for irtilch the 
flshtalllng oianeuver and other strenuous maneuvers such as the rolling 
pull-out hare no practical Importance. 

Ihe study of naneuTer A In this transient state requires con- 
sideration of equation (7} for the effects of the ea^onentlals with' 
relatively values of r. Considering only the resonant case 

where <o%B and using the fact that at the points of Tna-Hmm side- 
slip wit^n a given half cycle the contribution to the sideslip of 
the terms containing Gs and Gg are negligible, and Gi reduces to 
- 1 /A, the expression for is obtained 


Pa“ 


-8to 

AB Ic 


( 1 - 


At 

e 


) cos B T 


At the m axim um valiies of P, t » so that the ratio of the nwYinrnm 

sideslip after H /2 cycles to the maxlimna sideslip in a steady 

state oscillation Is 


Par 



(38) 


Equation (38) is plotted in figure 10 against H for various 
values of A/B. The results show that airplanes with a very low 
value of A/B require a large nusaber of cycles to build up to their 
steady-state value but that airplanes with a value of a/B of 
around -0.3 develop 85 percent of their final amplitude in the first 
cycle. These results will be discussed at greater length In the 
next section. 
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CQMFABISQir OF MAZIMDN SUBESLIP SEVELOISD IS FISHXAILI1» 

AHD TRASSIEBT MAHEQVEBS VIOS mT SEVELOm) HT 
OaSEB SZKAMIC MABEOVEBS 

Ihe study of flshtalling and xralated aanaurers in connection 
with tall loads Is of Importance only If such maneurers produce 
tall loads that are more critical than those of other reasonably 
probable maneuyers. There are tvo other dynamic maneuyers vhich 
haye been adyanoed as a basis for critical loads and idilch vlU be 
used for oompEirlson : the rudder klch and the rolling pull-out. 

The first of these^ the rudder Idch^ can be readily handled 
by 'the methods of this zeport by solylng eq^uatlon (6) for 
sin fa) (t-z) > 1. If this Is done and the maximum yalue of ^ 

Is determined^ the foUoirlng yalue of sideslip results: 


^HK - - 


2Cn5^|i 


1oB®C<A/b)*+ i3 




But since the purpose of this section is to glye an approximate 
comparison between the mazlmam sideslips deyeloped, the assumption 

will be made throughout that ^ and that (A/B)^ is 

negligible as compared to unity. This glyes for the maximn a side- 
slip In a rudder kick 


PbKo * - ®r. 


Cnp 


( 39 ) 
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llaklng the same approximation In equation (12) and dividing the 
result by equation (39) yields the ratio of the mn,riTmm sideslip 
developed in an aileron— locked fishtailing maneuver Pab "to 

itwYinnam sideslip developed in a rudder kick, P rk~q bb 


PAb 

^BKo * 


2(A/B) 



+ 1 


) 


(1^0) 


A plot of equation (4o) against the ratio A/B is given in figure 11. 
fihe figure shovs that the fishtailing maneuver is more critical than 
the rudder kick for values of A/B less than about -0.33. Ibis 
difference is accentuated vhen considering critical tall loads by 1h.e 
fact that for the flshtalllng maneuver at meucimum sideslip the rudder 
is in a position to increase the tail load (equation ( 13 ) )j whereas 
in a rudder kick at maximum sideslip -tiie rudder is in a position to 
decrease the tall Ibad. 

Ihe rolling pull-out has been analyzed to considerable extent in 
reference For the purposes of comparison the simplified formula 
developed in that report will be used. !Ihls formula gave the maximum 
sideslip developed in a rolling pull-out PbPq 


PbPo " i- 

Cnp. 


(^1) 


It would not be fair to compare equation (4l) with (12) on the 
basis of equal lift coefficients since the rollizig pull-out is an 
accelerated maneuver. However^ if the two maneuvers are made at a 
fairly hl£^ speed and the z*olllng pull-out is made with a normal 
acceleration so as to increase the CL of equation (4-1) to unity, a 
comparison between the two maneuvers xs justifiable. Dividing 
equation (12) by equation (4l) with Cj, = 1, the following ratio is 
obtained: 
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Par ^ (42) 

P®^o (a/B) 6a Ojg^ 


Thus for the maneuTers to he equally severe, the maximum rudder axigle 
needs only to he a fraction of the nwviwnitn aileron angle depending 
upon the value of (Cng^) /(Cjg^ A/b). Further, the position of the 

rudder in the roll in g pull-out maneuver is neutrsLl; vhereas, as has 
heen pointed out. In the flshtalllng maneuver the rudder Increases 
the load. 

A somewhat better perspective of the relation between the rudder 
hick, the rolling pull-out and the maneuvers studied In this report 
can he obtained from a study of figure 12. Here the value of 

^CnB/8ro®n8J. is plotted against A/B for the various maneuvers. 

The maneuvers prevloiualy discussed as transient maneuvers, where 
the airplane motion was still In a transient state or where only a 
few oscillations of the rudder were made, are represented by the 
solid lines. Corresponding values of H are the number of half 
cycles for which the rudder has been applied In order to reach the 
value of sideslip shown. The line for which N Is equal to Infinity 
is the steady-state flshtalllng maneuver already discussed. For 
such a figure no restrictions on the value of a/B are necessary 
and the extension is made to the case of neutral stability where 

a/b = 0. 


OSie shaded portion represents roughly the region of sideslips 
reached by the rolling pull-out (using a value of from l/5 to l/6 

for the ratio and sotting Cl = 1 in equation 

(kl)). The figure shows that the flshtalllng maneuver Is less 
critical than the rolling pull-out for values of -A/B>0.2, the two 
maneuvers are about eqvially critical for values of -A/B between 
about 0.2 and 0 . 15 , ond. the fishtailing maneuver is more critical 
for values of -A/B less than about 0,15. If the rudder is oscil- 
lated for only cme and a half cycles, however, the sideslip built 
up froBi such a maneuver Is still greater than that in a rolling 
pull-out for values of -A/B less than around 0.1. 
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The dotted ctirve of figure 12 represents the ffiwTiminn sideslip 
developed hy a rudder Icicle. Ihe figure indicates that this value is 
less t han that caused "by cue cycle of a rudder oscillation, no 
case, therefore, should the inidder kick he used as a tail-load 
criterion, since for no airplane is the likelihood of Just one rudder 
cycle at resonance too remote to he considered. 


EFB!EC2S OF NOHLIHEAE SIIffiSLIP CHABACTEE3SHCS 

All of the previous results vere for cases in irtiich the forces 
and moments veirled linearly vlth the angle of sideslip. In general, 
of couz^se, the forces and moments will he ncailinear and some method 
must he developed to handle such cases. Very often, especially for 
airplanes with high directional stahlllly, the variations are 
sufficiently close to the linear that eq,ulvalent linear curves may 
he imuBdlately estahllshed hy appropriate fairing of the data. In 
other cases, however, some more adequate must he supplied such 

as numerical step-hy-«tep computations, or some analytical method 
sui table for; the problem involved. The methods of nonllnewT* 
mechanics developed in references 5 ani 6 are particularly adaptable 
to the problems of this report and their appHoatlon to such prob- 
lems is presented in the following material. 

Consider first equations (12) and (l8). A study of the analogy 
between these two eq.uations leads to the oonstructlon of a third 
eq.uatlon similar to eq.uation (l6) except that Ax Bi (as 
defined hy eq.uatlons (20) and (21) are replaced hy A and B. Thtis 
the eq.uation 


^-2AfP + 

dfS dr 




28 ro CnSpU 


sin Bt 


(1^3) 


is the eq.ulvalent equation of motion for an eilrplane whose rudder is 
applied siniisoldally at resonance and whose ailerons are fixed at 
zero. The values of A and B, however, must still he determined 
hy the msthod explained in Appendix A. 
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Ihe adyanta^fe of aqiiatlon. (43) Is that It cjan he readily 
studied when A and B are not linear. For the study of such 
nonlinear effects equation (43) Is replaced hy the equation 



+ B^^ + f(p, II ) 


2 



sin or >= 0 


(44) 


which is an eq\iatlan that reduces to equaticai (43) when the non- 
linear terms are neglected. Uie magnitudes of the parameters In 
equation (44) are such that Its solution will he some periodic 
ftinctlon of time. Following the methods of references ^ and 6j It Is 
assumed that the solution Is of the fozn 


P * a cos (oT + cp) 


(45) 


M = — aa sin (ar+cp ) 

dT 


where a represents the amplitude and — ^ the phase angle of the 
solution. Both a and cp can he functions of the time hut their 
yariatlon is assumed small and constant orer a period. 

The nonlinear and forcing terns of equation (44) can now he 
replaced hy the equlreilent linear expression 

BO that 

j fl Cns— h 

ifi- + KiP « f(P, |t.) 4, Bln ar (46) 

dr ic 

The values of and Ki are determined hy halanolng the fund ame ntal 
harmonics between the two sides. Thus if 
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then 


or, 

El 


^ ® ar + <p 

— CL d.T 


(J^T) 


2k 

/ Exa cos $ } sin 


a« p 2l»»ro ®=Sr 


/;[ 


f + 


I— (p ) 


sin ( (p ) sin 


/2ft 

(~jlxa<<’ * + Eixa oos ® ) cos 


2ft _ 245 to Cn5 


o . 


f + 


>-(p) 


sin ( *— (p) cos 


since a cp are constant orer the period, 

p2ft 2 m.8to Cngy 

1 — / f(a cos <&,-aa sin $ ) cos $d$ — ■ ■ .. sin «p (48) 

aft / *-^0 

n 



3^ 


HACA Iff ffo. I504 



cos 9,-ea sln4) — 


Sfi^oCng^ 

a a Ic 


COB (f> 


(h9) 


Now sguatlon (Ml-) can te vrlttsn 


S + >.1 ~ + (B2+Ki) P - 0 

oT* aX 


( 50 ) 


the solution of i^ch viU he of the foxm given in equation (4^). 
Inspection of equation (47) in connection vith equation (4^) shows 
that the frequency of “^e assumed solution will he d$/dT. But the 
frequency of a solution to equation (^0) will he (neglecting second 
order terms) + Ex. Since these two must he equal 





or 


I? .v/b^TkI - a 


( 51 ) 


As for the anqvlitude^ consider equation (^O) aM let a solution 
to this equation he p » a cos 9 vhero a is a function of the tine 
not necessarily small. Finding the first and second derivatives of 
this solution and placing them in equation (^O) and equating the 
coefficients Of the sine and cosine terms yields the equation 
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or 



da d.$ 
dr d.T 


» 0 


da 



a 


(52) 


Eq.uatlona (51) aadL (5&) d.eflne the period, and. anpHtnle of the 
nonlinear eq.Qation (h6) vlthln llalta of error ehloh vlU he dlacuaeed 
later. Sxeee tvo eq.natlana are especially adaptahle ^Aien steady-etate 

solutlcns are desired.. In such a case ^ and ^ are equal to 

zero so that If the more conrenlent Tarlahles are defined 


2ax 


«** 

L 


oos •, — aa sin« ) sin 4d« 


and 


p d X P** 

• B*+ ~ / f(a cos — aa sin *) cos 
Eqtaatlons (51) and (52) heoone^ respectlTely^ 


«d« 


„ , One, 


(53) 


( 5 ^) 


Sin cp 


(55) 
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Solrlng these equations for the amplitude^ a., glTes 


( 


2n8ro Cngy V 


y (a? - <%*)^ + 4 Ae^ 


and for a mxlimim 


a » CE^ 


(57) 


2u6r„ C; 


a a 


b 


2A« 


(58) 


Consider now the application of equations (57) and (5®) to the 
solution of the motion of an airplane with nonlinear characteristics 
Let the forces he defined hy the eqtuitlons 


N 


Cn = ^ + M3^^ 


(59) 


Cy - ^ ^3 


(60) 
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The value a£ due to the tall can he estimated from eq.uatlon 

(59) since the angle of attack at the tall oaiised h 7 the yawing 
velocity will he rl/V and the yawing moment will he 


On (f) V(f-)* 

- or 

( Cnr) tail ' #) ( v) 

(t)’V ( 61 ) 


where the prime Indicates tall-off mlniis tall— on values. 


Kie method of Including the ncnllneeu* effects Into the eq.uivalent 
equation of motion, eqizatlon (W-), peirallels the development of 
equation (l6) from, equation (l^i-). Ttnia, since the added nonlinear 
terms are s mall , equation (44) can he written for the nonlinear forces 
given hy equations (59) and (6o) as 


g|-2A||*B=p 


^ S^^Sro CnSy 


sin ar— Zap 

dT 



1 r3(^> 

2nl(. [ 2|i 



Me’ 




P®Ma ^ + P*%i3 2lk » 0 
3-0 ^C 


+ 


(62) 
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idMre osiljr the variations at foress sad. acasmts vlth sldssUp luvs 
1 >aen consldsrsd. 

Vov uslae sftuatlfsis (93) «ad 




(63) 


<• B« ^ J a* ftt 


i6k) 


and If the tarlables 


81 and sa ara dsflasd so tlHit 


■1 







(69) 


and 


•a ■ 


1 

2 


Jl. 



( 66 ) 


and the oondltloDs for a ixlMina amplltuds ^reseated In e^aatloos ( 97 ) 
and (98) are used, -Uiere results 
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P® Bi® 82 + 3® ( 2 bi 82 + fli® ) + 3^ (sa + 2 bi) + 3* - 3jjg®“ 0 (^T) 


vliere 3 1 b 'Qib aaTtuma BldeBlip dsTeloped vith tho nonlinear 
cliaraoteriBtlcB and 3^ la the aldeslip If the nonlinear tens 

zero. Equation (67} la a quartlo In 3 ^ and ita solution aaj 
he found q.ulclEl7 hy nuaarloal as'Uioda slnoe onlj cns root la 
req.ulred and this root must he real and sooeidiat less than 3 as* 

It should he noticed that the tens containing lz» and Hs* 
do not appear In equations (63) and (61)-) and, therefore, do not 
affect the final aaplltude or period. Such results can he general— 
l&ed to anj Talue of ly^f and -where k Is STen. Riyalcally 
-this has the meaning -that the lack sjraietrT- about the 3 >■ 0 
axis does not affect the steadjr-etate amplitude and period of -the 
airplane motion. Thus -the first s-tep In replacing an e:^rlmen-tal 
curre hy a pow-er series Is to arerage -the posltlre and negatlre 

aides, that Is set f(3) = -J [f(3) - resulting 

curre has a curratu2?e proportional to 3^ vhere k Is eren, let 

3^ = | 3 l 3 ^^ and use this In equations (53) and (5l)-) 

In order to oh-taln some Idea of -the effects of nonlinearity cm 
the angles of sideslip In a flshtalllng maneurer, the curres 

shown In figures 13 and ll)- were chosen as possible rarlatlons of 
Cy Cn -wl-th 3. TOie otirres show both the no n l in ear rarlatlons 

used, -the equations of which are 

On - o-oaik P + 0.2P® 

Cy » - 0.1)3 - 0.83® 

oTv^ also some experimental da-ta taken from tests on a filter al 3 >- 
plane. Ihe experlmen-tal da-ta were Included to shew -that -the 
choices were not unreasonable. 
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Figure presents the results using equation ( 68 ) together 
with the derlinatlTes as glren for configurations ^ and 6 In eTaluat- 
Ing the aaxlHun sideslip In a flshtalllng aaneurer. Ihe figure 
shove the nai: 1 ni« value of nonllneeur conf lg~ 

uratlon. plotted against the value utImmw sideslip 

resulting If the nonlinear tenss are neglected. She resulting 
reduction In sideslip angle Is^ of course^ a function of the aapll^ 
tude^ but It Is seen that when the linear theory predicts 30° of 
sideslip, the nonlinear theory predicts curound 20 °, a reduction of 
10 ^ In aaTlmni sideslip. 

!Qxe effects of the nonlinear terns In the transient stage can 
also be found froa equations (^l) and ( 5 S) but such results vould 
be somevhat leas reliable, since ihe theory averages the nonlinear 
terns over a period, a procedure vhlch vould Introduce more error 
vhen the ampLltade of succeeding cycles vas varying significantly. 
Ecwever, the resiilta of the linear theory are deemed sufficient 
Inasmuch as figure 10 can be used vlth the linear value of the ratio 

A/b, provided that the value of ^ ratio Is 

replaced by the value derived on the basis of the nonlinear theory. 

Soam Idea of the error Involved In the nonlinear theory 
presented In this report can be obtained by a study of tiie special 
case of neutral dynaMo stability vlth a linear and cubic variation 
of Cj^ vlth ^. In such a case the equation of motion becoams 

0 ♦ B*^ + M3 .0 (69) 


Squatlon (69) has the advantage that an exact solution can be found 
for It and this solution can be ccaipared vlth that fouxid by the 
methods of references 9 and 6 vhlch Is given by equation (67} vlth 

Sx « 0. 


To solve equation (69) let 
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ft * ^ 


then 


dft " fa 


or 

I fa® - - i ft® - UA) ft *+ Constant (70) 

Vdv vhen fa > 0, f^ la a mTlwoM so that 

0 - - B® (1/2) f^^® - (l/4) ^■bo'* ■*“ 

and vhen 

**«* 0, ftQ - fAa 

vheze f^s is the Tnn-rimw sideslip derived from the lin e ar theor 7 . 


JL 

ic 


bS 



+ He 



m 0 


Hence 
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or 1>7 uslxie 02 aa cLtflnad In equation (66) 


- 


So the ratio of the approxlaate Talue of glren T»j equation (67) 

vlth 81-0, to the ■axlaua aideslip rleoroualj deriTed, « i* 


Pto 


Bila ratio la jotted In figure I6 aa a function of Sa.£ for 
Tarloua valuea of aa. ftae error of the reaulta presented in figure 
aa daterained fron figure I6 would he around ^ to 6 percent at a 
PAb of 30°. Ihla anounta to an Inoreaae of about 1 ^ of aldeallp in 
20^ of aldeallp for the nonlinear reaulta. 3 hese rwaulta oorreapood 
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to a cubic Tarlatiou (vMcb. represents a falrlj- large departure 
frost linearity) of C. vlth ^ for the case of neutral stability 
as glTen by equation (69)* This ccmparlson is therefore beliered 
to proTlde an adequate check of the general equation (equation (67))* 


COBCLDSIOIS 

A general theory is deTeloped for rudder oscillating saneurers 
in uhlch Tarioua aaounts of aileron deflection are applied. On the 
basis of tills theory idilch vas rerified by the specific analysis of 
27 representatlre airplane configurations ^ the foUoving general 
conclusions are drawn: 

1 . Of the rudder-oscillating naneurers considered, the allercn- 
fixed naneuTer appears to be the laost useful as a criterion for 
rertical-tall loads. Although sideslip angles as ouch as 18 percent 
greater can be obtained by particularily adrerse oonhinatlons of 
rudder and aileron control motions, the probabilily of maintainin g 
such adrerse ccMblnations orer a sufficient time interral is con- 
sidered remote. 

2 . The rudder-oscillating, aileron-fixed maneurer produces 
rertlcal-tail loads vhlch ooaipare vith those produced in other 
dynaid.o maneurers as follows: 

(a) The fishtailing maneurer ceua, for certain airplane 

configurations, bo more critical in produoixg tall 
loads the rolling pull-out maneurer. 

(b) For certain airplane configuratloimi one and one-half 

cycles of rudder motion are sufficient to produce 
tall loads of the same order of :;ugnitude as those 
produced by rolling pull-out maneurers. 

(c) For all airplane configurations one cycle of rudder 

motion is sufficient to produce more sideslip than 
that obtained from the ruddex^-klck maneurer. 
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kk 

3 . Methods are dereloped for includlsg the effect on the 
motion of the airplane of nonlinear rariations of forces and 
moments vith angle of sideslip. 


Ames Aeronautical Lahoratozy, 

national Adrisory Committee for Aeronautics, 
Moffett Field, Calif. 


AnEHDIZ A 

The values at A and B used in the f onanlas in this report can 
only he determined hy finding the complex roots to the q,uartic given 
in tezms of S hy the equation 


-c-^) 


(-?) (-&) (-Sf^) 


(-II) (0 


Oie values of the derivatives are usually such that equation (Al) 
vlU have two veal and two cos|C.ex roots. In such cases the value 
of A is eq.ual to the real part and the value of B is e<iual to 
the Imaglnai^ part of either one of the complex roots. In oases 
i^re A is zero or positive, equations such as equation (12) do 
not apply because the motion is divergent and no steady- state 
solutloDs exist. Such cases do have meaning in figure 12, however. 
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vhere they represent the line a/B >0. 

The Talues of A and B obtained for tiie oonflguratlonB of 
table I are listed in table HI and Interpolation can be Bade in 
this table to sanjr airplane deslgna. 


E E SgEHEHCBS 
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Airplane* MCA Sep. Bo. 193^* 

2. ChurOhlll^ Buel Modem Operational Mathenatios in 
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3* Boshar, John^ and DarlSj Ihllip: Consideration of Dgnaaio 
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V. Vhlte, Maurice^ D . , Lonax> HarTard|_Kid Turner, Hcward L. : 
Sideslip Angles and Tertioal-Tall Loads in Bolling Pull- 
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9. Eryloff, H. and Bogoliuboff , HT: Lotroduotion to HooUnear 

Hschaalos. Arineeton XbiTersity Brass, 19l|-3. 

. Mlnorsky, H.t ^troduotlon to Honllnear Mechanics. Paxts 
I to IF. The Darld V. Taylor Model Basin, Thiited States 
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TABIB I.- COMBIH&TIOIB OP AIRPLANE STABILITr 
PARAJffllERS USED IN NDBiEEICAL COMPUTATIONS 


Conflg- 

itration 

Cap 

Clp 

Gyp 

Clr 

Clp 

Cap 

Cjij. 

H 

B 

B 

Cl 

Prlaclpal 

varleiblo 

1 

0.096 

-0.12 

-0.4 

0.06 

-0.^2 

-0.03 

-0.120 


0.18 


0.2 


2 

.0^ 

0 

-.4 

.06 

-.42 

-.03 

-.120 

.12 

.18 

10 

.2 

— 

3 

.048 

-.12 

-.4 

.06 

-.42 

-.03 

-.072 

.12 

.18 

10 

.2 

Basic 

4 

,048 

0 

-.4 

.06 

-.42 

“.03 

-.072 

.12 

.18 

10 

.2 

5 

.024 

-.12 

-.4 

.06 

-.42 

-.03 

-.048 

.12 

.18 

10 

.2 

/ 

6 

.024 

0 

-.4 

.06 

-.42 

-.03 

-.048 

.12 

.18 

10 

.2 


7 

.024 

0 

-.4 

.06 

-.42 

-.03 

-.048 

.06 

.18 

10 

.2 


8 

.024 

0 

-.4 

.06 

-.42 

-.03 

-.048 

.12 

.12 

10 

.2 


9 

.024 

-.12 

-.4 

.06 

-.42 

-.03 

-.048 

.06 

.18 

10 

.2 

la aad 


.024 

-.12 

-.4 

.06 

-.42 

“.03 

-.048 

.12 

.12 

10 

.2 


.096 

-.12 

-.4 

.06 

-.42 

-.03 

-.120 

.06 

.18 

10 

.2 


12 

,096 

-.12 

-.4 

,06 

-.42 

-.03 

-.120 

.12 

.12 

10 

.2 


13 

.024 

0 

-.4 

.06 

-.42 

-.03 

-.048 

.12 

.18 

2.5 

.2 


14 

.024 

0 

-.4 

.06 

-.42 

-.03 

-.048 

,12 

.18 

4o 

.2 


15 

.096 

0 

-.4 

.06 

-.42 

-.03 

-.120 

.12 

.18 

2.5 

.2 

Li 

16 

.0^ 

0 

-.4 

.06 

-.42 

-.03 

-.120 

.12 

.18 

40 

.2 



.096 

-.12 

-.4 

.06 

-.42 

-.03 

-.120 

.12 

.18 

2.5 

.2 



.096 

-.12 

-.4 

.06 

-.42 

-.03 

-.120 

.12 

.18 

40 

.2 


19 

.024 

0 

-.4 

.06 

-.42 

-.03 

-.100 

.12 

.18 


.2 


20 

.024 

-.12 

-.4 

.06 

-.42 

-.03 

-.100 

.12 

.18 


.2 

Olf, 

21 


0 

-.8 

,06 

-.42 

-.03 

-.048 

.12 

.18 

9 

.2 

22 

.024 

-.12 

-.8 

.06 

-.42 

-.03 

-.048 

.12 

.18 

10 

.2 

aad 

23 

.096 

-.12 

-.4 

,06 

-.42 

-.03 

-.172 

.12 

.18 

10 

.2 

Cap 

24 

.0^ 

-.12 

-.8 

.06 

-.42 

-.03 

-.120 

.12 

.18 

10 

.2 

f 

25 



B9 

.03 

BS 

-.0:5 

-.047 


BPI 

10 

ill 


26 



Bs 

.03 

Ess 

-.015 

-.047 



10 

E! 

Cl 

27 


BzS 

Hi 

.03 

Hi 

-.0:5 

-.119 


■Sl! 

10 

IqI 
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OABIE H.- LIST OF COEFFIClErnS, ESBQTIENCniS, AND ESPQNEHTIAIS 
FOE EQUATION (2) FOR THE CONFIGSOEATIOHS 'LTBUED IN TABLE I 


Config- 

uration 



A 

B 

Cl 

Ca 

C3 


1 

-0.01865 

-3.725 

-0.3115 

3.379 

0027 

0092 

-0119 

-0.2869 

2 

.01403 

- 3 .494 

-.4434 

3.269 

0000 

-0010 

0009 

-.3069 

3 

-.02210 

-3.781 

-.1486 

2.522 

0053 

0138 

-0191 

-.3770 

k 

.01398 

- 3.487 

-.313^ 

2.317 

0000 

-0018 

0017 

-.4340 

5 

-.02711 

-3.818 

-.0610 

1.965 

0098 

0171 

-0269 

-.4764 

6 

.01389 

- 3.482 

-.2492 

1.641 

0001 

-0024 

0024 

-. 6 l 4 o 

7 

.01392 

-6.977 

-.2516 

1.628 

0001 

-0008 

-0006 

-.6137 

8 

.01390 . 

-3.475 

-. 319 i^ 

2.010 

0001 

-0028 

0028 

-.5019 

- 9 

-.02705 

- 7.184 

-.1277 

2.025 

0098 

0032 

-0130 

-.4833 

10 

-.02840 

-3.880 

-.0958 

2.332 

0071 

0187 

-0258 

-.3986 

11 

-.01861 

-7.166 

-.3411 

3.447 

0027 

0026 

-0053 

-.2851 

12 

-.01895 

-3.743 

-.4693 

4.087 

0018 

0084 

-0103 

-.2381 

13 

.01298 

-3M6 

-.2516 

.822 

0017 

-0035 

0021 

-1.2305 

14 

.01414 

-3.494 

-.2433 

3.276 

0000 

-0009 

0010 

-.3064 

15 

.01347 

- 3.480 

-.4500 

1.625 

0003 

-0029 

0026 

-.6310 

16 

.01418 

-3.506 

-*4372 

6.536 

0000 

-0002 

0003 

-.1524 

17 

-.01811 

- 3.480 

-.3845 

1.714 

0106 

-0028 

-0079 

-.5907 

18 

-.01879 

-3.871 

-.2383 

6.628 

0007 

0063 

-0068 

-.1474 

19 

.01359 

- 3.481 

-.3942 

1.632 

0002 

-0027 

0025 

-.6179 

20 

— .06640 

- 3 -.828 

-.1804 

1.953 

0193 

0187 

-0381 

-.4782 

21 

.01359 

- 3.483 

-.3489 

1.642 

0002 

-0025 

0023 

-.6140 

22 

-.02678 

-3.832 

-.1541 

1.968 

0097 

0185 

-0281 

-.4742 

23 

-.03213 

-3.728 

-.4475 

3.361 

0038 

0098 

-0136 

-.2884 

24 

-.01848 

-3.732 

-.4082 

3.384 

0027 

0098 

-0124 

-.2863 

25 

.00350 

-3.500 

-.2345 

1.625 

0000 

-0003 

0006 

-.6129 

26 

-.01881 

-3.674 

-.1340 

1.810 

0065 

0108 

-0173 

-.5316 

27 

-.01310 

— 

-3.618 

-.3651 

3.317 

0015 

0053 

0069 

-.2964 
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SABIK m.- UBT OF IMPOBTMIT FASAMBOEBS USED IB GSE 
HEFOBT FOe XBE CORFiaDBATKBB LIS 3 ED IB TABIE I. 


Conf le- 
uratlOQ 

1/i 

Hi 

Ha 

a/b 

1 

0.2959 

-0.0123 

-0.0125 

-0.092 

2 

.3059 

-.0092 

-.0095 

-.136 

3 

.3965 

-.0434 

-.0319 

-.059 

4 

.4316 

-.0246 

-.0176 

-.135 

5 

.5089 

-.1557 

-.0888 

-.031 

6 

.6094 

-.0522 

-.0260 

-.152 

7 

.6105 

-.0301 

-.0077 

-.154 

8 

.4975 

-.0366 

-.0175 

-.159 

9 

.4938 

-.0453 

-.0141 

-.063 

10 

.4288 

-.0924 

-.0503 

-.041 

11 

.2901 

-.0086 

-.0047 

-.099 

12 

.2447 

-.0065 

—.0066 

-.115 

13 

1.2165 

-.1199 

-.0033 

-.306 

14 

.3053 

-.0173 

-.0168 

-.174 

15 

.6154 

-.0286 

-.0167 

-.277 

16 

.1530 

-.0020 

-.0039 

-.067 

17 

.5834 

-.0311 

-.0189 

-.224 

18 

.1595 

-.0036 

-.0066 

-.036 

19 

.6127 

-.0327 

-.0183 

-.242 

20 

.5120 

-.0523 

-.0318 

-.093 

21 

.6090 

■ -.0377 

-.0174 

-.212 

22 

.5081 

-.0618 

-.0335 

-.129 

23 

.2974 

-.0087 

-.0089 

-.133 

24 

.2955 

-.0096 

-.0094 

-.120 

25 

.6116 

-.0279 

-.0137 

-.144 

26 

.5525 

-.0408 

-.0218 

-.074 

27 

.3015 

-.0055 

-.0055 

-.110 
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TABIE IV.- RATIO OF OHE SIDBSLIP 


DEVELOEED I3T VARICGS MASEDVSF 


Conf lg“ 
tuition 

PASApproi. 

Pbr 

Par 

1 

1.006 

0.747 

2 

1.000 

1.025 

3 

.954 

.541 

4 

1.003 

1.048 

5 

.945 

.316 

6 

1.004 

1.076 

7 

1.001 

1.084 

8 

1.007 

1.070 

9 

.985 

.682 

10 

.931 

.372 

11 

.984 . 

.833 

12 

.977 

.799 

13 

1.000 

1.089 

14 

.989 

1.o49 

15 

1.022 

1.035 

16 

.995 

1.011 

IT 

1.009 

.933 

18 

.977 

.559 

19 

1.000 

1.046 

20 

.942 

.573 

21 

1.002 

1.055 

22 

.936 

.558 

23 

.976 

.800 

24 

.973 

.795 

25 

1.000 

1.021 

26 

.967 

.648 

27 

1.010 

.864 
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/ — C^o/npor'/son Jbe.fkveen tVis /?nc?x//Dc//r] 
ang/e.s s/iyesZ/p crampc/fecZ fho/n et^c/aZ/o/i 
/2 £7/ic/ 7 ^ro/n ei^c/cpZ/bn 2 i^/ZA /x? approx/— 
rraZ/ons- ZZon&aver A. 



Per'/o^/ of" A'uc/c/er 
/Veyy^ur'o/ per'/oc/ of 


fypu/^e 2 Pc7f/o 'of fft& /no 
s/c/e.s//p fo ffe /TTOX/mum / 
s/c/es/p fox' t^ox/oc/s t>''o/c/es 
/'ex A . 
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3 — jQafyo of fA^ r'£/£/c/er ang/e. af /ryax/— 
/r?i/m s/'c/ss/zp Ao fAe mox/mum zx/c/cfe/^ ang/e 
fo/- xar'/oas izcy/c/es oA A /D. A- 



Zf/gi/re f — j^oA/o of f/i^ r(^c/er ang/e 0 / ffe 
/77ox//7iam /'(Sso/ja/if xo/ae of s/'c/es//p fo fAe 
/?7<ox//T}cy/r) r'c/c/c/sx ong/e. for izo/c/es of A/S. 
/Ma/yeczixer A. 
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o /fxper//Tienta/ tifafa 
— Campufec/ from eqaa- 
f/on 9 for ~/3S 



Per/oc/ of rt/cfo/er roof /on 
A/afura/ per/oof of cf/rp/one 

f7gure. 5 — Compor/son of ffe rc?f/o of max/— 
/T)c/m a/ig/a of s-/cfes//p fo fhe max/mu/r 
resonanf ar}g/& of s/<fes//p as cfsferm/rec/ 
fro/7i f/iaorpf ancf f//pf)f fesf c/gfa. A^o? — 

/lac/ixejr A ■ 
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o ^xperz/Tie/ifo/ c/a/'o 



/^/pure S — Cbyrnpor"/ son of f he nc/fo of fhe 
nuo'oen onp/e of /no x /mum s/c/e. s//p fc 
fhe mox/mum ruafcfer ong/e os cfefe.r'm/ryecf 
f/^o/n fheoop or/cf f//ght fosf c/of a- Afc/— 
/leueen fi. 
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/^/^ure 7 — oT' f/ie. /mox/mum r'esana/it s/bk- 

s//p okt^c/opec/ //7 /?7£/nec/i^er' iv/nps 

/eye/ /o //lo/ c:/zye/ope£/ //? o py/// 

c?//ero/7S /oc/ec/ /hr- yor/oc/s y£7/c/es o/' Q . 



/vpare <3 ~^<7//o of //)e /nox/hium resoranf ong/c 
of s/c/es//p cfe^e/oped caos/der/hg o/'/eron ^ow 
fo fhof neg/ecf/ng c?//ervn goiv for logr/oc/o 
i^o/ues of Cj^ ord f- for 4 *= Jdj Cy. = -4^ 



/ygc^re 9 — y^a/y'o of ffe mox/'/ma/in s/c/es/rp /n 
o /Tia/7eo'yer' /h wf/c/i f/ie z^o// /s x'cc/c/cec/ 
(/-Q)/00 per'cenf ffze a//er'ons fo f/?ot /h 
(7 /Do/T^c/y^r' z/i wf/c/i yfie a/Vcro/is- are fixer/ 
for vor/ous valuer of j Q and k. 
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Cur-t^e /^c/a'c/er' mot/on 
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A/c//r>6er of /x^der fo/f cyc/eSj A/ 

ff/gare /O -jQof/o /77a^//rtu^ /^eso/ionf k'o/ue. 

of s/c/es/zp at ttie end of op'c/es to 

ttiot at steodg state ton i/onvac/^s t/'a/ues 
of A/ on d A /B . 
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/^/^6/r'e. // — /Q£?/^/b of' mox/mum /'eso/ion^ s/c/e- 
s//p ang^ from o f/sAf/// /monec/irer to the /rjox- 
/tnarn s/ktes//p ong/e from o? ructcter h:/ch. mo- 
rec/t^er far i/or/bc/s yo/c/es of A/3. 



s//p ang/es cteye/opecf /h yar/bc/s cfgnam/c 
hianec/i/ers. 
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Q ^xpervmenfa/ c/ofu 



/^/gar'e /S — Itf/^/of/bn of ^otv/hg momenf coeff/c/ertf 
ong/e of s/c/es/zp. 



f7gc/re /4- - l/or'/ot/on of /of&ro/ forco. coeff/c/ent 
tv/’fh ang/e of s/cfes/zp. 
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fw'gare /5 — Co/^por'/son /fye o7^ s/c/es//p 

c/er'/Vec/ /hc/c/i::///ip /jan/inear' fer-ms with that 
/7e^/ec//?7ff non/msar' ten/ns /pia/o^ui/e/^ A- 
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/ypc/r'e /6 — Co/npor'/so/i of /"fe. /Tiox/ATJc/m resorforf 
\za/c/e of s/c/e s//p c/ei7<e/ope<f fro/r? f/ie. oppr7>x/- 
/77o/e non//nco/~ ffoor-p of /f/s reporf with 
fAof c/exe/opeo/ jf-o/rt r/poroas ffe-on^ for 
//?£ spec/a/ cose of /yeufro/ s/od////^. 



